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We study cosmological density fluctuations within a covariant and gauge-
invariant fluid-flow approach for a perfect fluid in the Einstein-Cartan gravity
and derive the corresponding Raychaudhuri type of inhomogeneous coupled
differential evolution equations of the second order. It appears that the
quantum fluctuations of spin trigger primordial density inhomogeneities at
the scale of weak interactions. These inhomogeneities are then evolved pre-
cisely to the value measured by COBE mission at the scale of decoupling.
1 Introduction
As well as cosmography and nucleosynthesis, structure formation nowadays
represents the most important part of our theoretical comprehension of the
Universe [1]. Cosmological models with cold and hot dark matter, with or
without the cosmological constant, can fairly well describe the formation and
evolution of cosmological structures at small and large scales in the Universe,
mostly within the Friedmann-Lemaˆitre-Robertson-Walker metric models of
the Einstein gravity [1]. However, the milestone assumption for the structure
formation is that certain small density inhomogeneities cause the growth
into large inhomogeneities observed today. These small primordial density
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inhomogenities were observed in 1992 by COBE mission as the large-angle
anisotropy of CMBR [2] .
In this paper we want to show that it is possible to solve the problem of the
primordial density inhomogeneity within the Einstein-Cartan(EC) gravity
without referring to the dynamics of the cosmological scalar field.
In the next section we derive the evolution equations for the density
contrast within the Hawking fluid-flow approach[3] and with the covariant
and gauge-invariant variables of Ellis et al.[4] in the EC gravity with perfect
fluid described by Obukhov and Korotky[5].
The last section is devoted to the solution of inhomogeneous evolution
equations for the spacetime with expansion, acceleration and torsion, as well
as to the estimates of the density contrast at various scales, including the
scale of decoupling of CMBR.
2 Inhomogeneous coupled evolution equations
for the density contrast
The theory of small fluctuations in general relativity started with the work
of Lifshitz [6] within a coordinate approach and it was formulated using the
gauge-invariant variables by Bardeen [7].
Our task to study the fluctuations in a more general spacetime with non-
vanishing expansion, acceleration, vorticity, shear and torsion, requires a dif-
ferent, more elegant and powerful approach, such as the fluid-flow formalism
[3] supplied with covariant and gauge-invariant variables [4].
We start with the formulation of perfect fluid in the EC gravity described
by Obukhov and Korotky[5] . Definitions, field equations and conservation
equations, as a consequence of the Bianchi identities, look as it follows[5]:
Γ˜αβµ = Γ
α
βµ + Q
α
·βµ +Q
α
βµ· +Q
α
µβ· ,
Γαβµ =
1
2
gαν(∂βgµν + ∂µgβν − ∂νgβµ),
R˜α
·βµν = ∂µΓ˜
α
βν − ∂νΓ˜αβµ + Γ˜αγµΓ˜γβν − Γ˜αγνΓ˜γβµ,
2
Γ˜αβγ → Γαβγ ⇒ R˜α·βγδ → Rα·βγδ, ∇˜µ →∇µ,
Qα
·βµ = κu
αSβµ, κ =
8πGN
c4
, uµSµν = 0, S
2 ≡ 1
2
SµνSµν ,
Rµν − 1
2
gµνR = κT
eff
µν , (1)
T effµν = −peffgµν + uµuν(peff + ρeff )− 2(gαβ + uαuβ)∇α[u(µSν)β ],
(αβ) =
1
2
(αβ + βα), peff = p− κS2 − Λ, ρeff = ρ− κS2 + Λ,
uµ∇µρ = −(ρ+ p)∇µuµ, (2)
(ρ+ p)aµ + (−δνµ + uνuµ)∇νp+ 2∇˜ν(uνaαSµα) + SαβR˜αβ··µνuν = 0, (3)
aµ ≡ uν∇˜νuµ.
To derive the Raychaudhuri type of evolution equations for expansion
and vorticity and the corresponding constraint equations, we contract Ricci
identities by various tensor structures that contain the four-velocity and the
projector orthogonal to the four-velocity [3, 8]:
(∇˜µ∇˜ν − ∇˜ν∇˜µ)uλ = −R˜σ·λµνuσ − 2Qσ·νµ∇˜σuλ, (4)
uµuµ = 1, hµν ≡ gµν − uµuν ,
Θ ≡ ∇µuµ, aµ ≡ u˙µ,
σµν ≡ [1
2
(∇βuα +∇αuβ)− 1
3
Θhαβ]h
α
·µh
β
·ν ,
ω˜µν ≡ 1
2
(∇˜βuα − ∇˜αuβ)hα·µhβ·ν ,
∇˜µ → ∇µ ⇒ ω˜µν → ωµν ,
evolution equations:
Θ˙ = 2ω2 + 2Q2 − 2σ2 − 1
3
Θ2 + ∇˜µaµ − 1
2
κ(ρ+ 3p− 2Λ), (5)
ω˙⊥µν = −2
3
Θωµν + 2σγ[µω
γ
ν]· − ∇˜[λu˙σ]hσ·µhλ·ν , (6)
3
σ˙⊥αβ = −σ κα· σβκ + ω κα·ωβκ −
2
3
Θσαβ − 1
3
hαβ(2ω
2 + 2Q2 − 2σ2 +∇µuµ)
+ h µα·h
ν
β·∇(ν u˙µ) − u˙αu˙β, (7)
ω2 ≡ 1
2
ωµνω
µν , σ2 =
1
2
σµνσ
µν ,
ω˙⊥αβ ≡ h γα·h δβ·uǫ∇˜ǫωγδ, [αβ] =
1
2
(αβ − βα),
constraint equations:
hµ
·ν∇˜µΘ =
3
2
[(∇˜βωβ·γ + ∇˜βσβ·γ)hγ·ν + u˙β(ωνβ + σνβ)], (8)
∇˜αω˜α = −2ω˜αu˙α, ω˜α = 1
2
ǫαβγδω˜
γδuβ. (9)
To derive the above equations, we also use EC field equations, where
necessary. Notice that in the evolution equation for expansion, the term
ωµνQ
µν is cancelled by the same term on the right-hand side of the Ricci
identity, contrary to the results obtained from the incomplete treatments of
previous authors[9].
Following Ellis et al., we introduce covariant and gauge-invariant vari-
ables that are in fact the orthogonal spatial gradients of scalar density and
expansion, thus describing in a more natural way ”a real spatial fluctuation,
rather than a fictitious time fluctuation”[4]:
Dµ ≡ R(t)
(3)∇µρ
ρ
≡ R(t)χµ; Zµ ≡ R(t)(3)∇µΘ ≡ R(t)Zµ, (10)
R(t) = cosmic scale factor, (3)∇µ ≡ hµν∇ν .
It is important to underline that these covariant variables within the
perfect-fluid model in the EC gravity are also gauge-invariant for the metric
with vorticity, acceleration and shear, because of the time-dependence of
mass density and pressure. In the presence of vorticity and acceleration
there are no more hypersurfaces orthogonal to the fluid flow, but this is not
a deficiency because the variables are defined and interpreted locally, with
possible further local decomposition [4]:
Acting on the evolution equations by the covariant derivative, and ac-
knowledging the identity:
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(3)∇µf˙ − ((3)∇µf)·⊥ = f˙aµ +
1
3
Θ(3)∇µf +(3) ∇δf(σδ·µ + ωδ·µ), (11)
((3)∇µf)·⊥ ≡ uσhλ·µ∇σ(hǫ·λ∇ǫf).
one can immediately obtain the evolution equations for the density and
expansion contrast vectors:
h νµ· χ˙ν = Θ(
p
ρ
− 1
3
)χµ − (σν·µ + ων·µ)χν − (1 +
p
ρ
)Zµ − Θ
ρ
Jµ, (12)
h νµ· Z˙ν = Gu˙µ −Bν·µZν −(3) ∇µC −
1
2
κρχµ − 3
2
κJµ, (13)
G = −2ω2 − 2Q2 + 2σ2 + 1
3
Θ2 −∇ν u˙ν − κρ− κΛ,
Bν
·µ = Θδ
ν
µ + σ
ν
·µ + ω
ν
·µ,
C = 2σ2 − 2ω2 − 2Q2 −∇ν u˙ν ,
Jµ = 2Sµ
·αu
ν∇νaα + hµσSαβR˜αβ··σνuν .
By direct insertion we can write coupled inhomogeneous differential equa-
tions of the second order for the density-contrast vector:
− D¨µ + α νµ· D˙ν + β νµ·Dν + γµ = 0, (14)
D ≡ (−DµDµ) 12 , D˙µ ≡ uν∇νDµ, D¨µ ≡ (D˙µ)·,
ανµ· = [
w˙
1 + w
+Θ(w − 1
3
) + 2
R˙
R
]δνµ − σν·µ − ων·µ − 2uµu˙ν −Bν·µ, (15)
β νµ· = [−
Θw˙(w − 1
3
1 + w
− w˙
1 + w
R˙
R
+ Θ˙(w − 1
3
) + w˙Θ−Θ(w − 1
3
)
R˙
R
+
R¨
R
+
1
2
κρ(1 + w)]δνµ + (
R˙
R
+
w˙
1 + w
)(σν
·µ + ω
ν
·µ) +
w˙
1 + w
uµu˙
ν − (σν
·µ + ω
ν
·µ)
·
+
R˙
R
uµu˙
ν − u˙µu˙ν − uµu¨ν + (Bν·µ + uµu˙ν)(Θ(w −
1
3
) +
R˙
R
)
− (Bλ
·µ + uµu˙
λ)(σν
·λ + ω
ν
·λ + uλu˙
ν) (16)
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γµ = R[(
w˙
1 + w
Θ
ρ
− Θ˙
ρ
+
Θρ˙
ρ2
)Jµ − Θ
ρ
J˙µ − Θ
ρ
(Bν
·µ + uµu˙
ν)Jν
+ (1 + w)(−Gu˙µ +(3) ∇µC + 3
2
κJµ)], (17)
w ≡ p
ρ
, c2s ≡ dpdρ = w + ρdwdρ = w + ρ w˙ρ˙ ,
w˙ = −(1 + w)(c2s − w)Θ, ρ˙ = −(p + ρ)Θ.
In the next section we study these equations and explore its observable
cosmological consequences.
3 Results and discussion
The standard description of the Universe usually contains only the Hubble
expansion and perfect fluid. However, it was shown that vorticity and accel-
eration play a very important role in EC cosmology [10]. Namely, because
of the strong binding force, the baryonic spins act coherently at the scale of
weak interactions and consequently a fraction of the baryon mass density pro-
duces a large baryon spin density that takes effect as a bounce force avoiding
and preventing cosmological singularity in the EC gravity precisely at the
scale of weak interactions [10]. On the other hand, the spins of cold and
hot dark matter can coherently contribute to spin and torsion at spacelike
infinity when all dynamical degrees of freedom are frozen (Tγ = 0). At space-
like infinity it is possible to make a relationship between basic cosmological
observables within the EC gravity [10, 11]:
|ω∞| =
√
3
2
ΣH∞, Σ =
l
k + l
, (18)
ρ∞ =
3
4πGN
H2
∞
, Λ = −1
2
ρ∞. (19)
However, the consistency with the EC field equations for the perfect-
fluid model requires the vanishing of vorticity and shear for the metric with
nonvanishing expansion and acceleration m=0, r=R [5]:
ds2 = dt2 − R(t)2(dx2 + ka(x)2dy2)− r(t)2dz2 − 2R(t)b(x)dydt,
6
b(x) =
√
la(x), a(x) = Aemx, k, l, A,m = const,
EC equations⇒ r = R, m = 0, R¨
R
=
R˙2
R2
⇒ σ = ω = 0.
This is not a serious obstacle because vorticity is small in comparison
with expansion. One should improve the matter part of the field equations
adding imperfect fluid terms, cosmic magnetic field, etc., if one wishes to
develop a more detailed picture of the Universe. Anyhow, the Σ parameter
remains constrained by the Hubble expansion- vorticity relationship[10]. The
Boltzmann equation for nonrelativistic fluid ensures that the present mass
density does not differ significantly from that at spacelike infinity:
ρm = ρCDM + ρν + ρB + ργ , (20)
ρν = nν(mνe +mνµ +mντ ) +
9
2
nνkBTν , pν = 3nνkBTν ,
kB = Boltzmann constant, ni <<
(2πmikBTi)
3/2
h3
,
⇒ ρν(Tν,0)− ρν(0K)
ρν(Tν,0)
= O(10−2), similarly for ρCDM and ρB.
Let us now look at the form of the coefficients of inhomogeneous evolution
equations for the vector density contrast in the EC gravity with expansion
and acceleration:
α νµ· = (
w˙
1 + w
+ 3H(w − 2
3
))δνµ − 2uµaν ,
β νµ· = (3
Hw˙
1 + w
+ (w − 1
3
)Θ˙ + 2(1 + 3w)H2 +
1
2
κρ(1 + w))δνµ
+ (
w˙
1 + w
+ 3H(w − 2
3
))uµa
ν − aµaν − uµa˙ν ,
γµ = −(1 + w)GaµR(t).
By direct inspection we see that, for R/R0 << 1, the terms with covariant
derivatives are suppressed in comparison with the others, thus one can write
for an approximate solution:
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Dµ = 4Q
2
κρ
√
laR˙Rδ2µ, for R ≃ 10−16cm, (21)
Dµ = 2
√
laR˙Rδ2µ, for
R
R0
< 10−4, w =
1
3
, (22)
Dµ = 3
2
√
lR˙Rδ2µ, for
R
R0
> 10−4, w = 0, (23)
Q2 = κ2S2, S2 ≃ ( h¯ρB
mB
)2.
Searching for a small correction to this solution one has to insert the per-
turbed solution D2+δD2 to the coupled equations for D0 and D2 components
(components D1,3, decoupled from the source term and D0,2, should vanish).
Evidently, the corrections are negligible:
δD2 ≃ D2( R
R0
)4, w =
1
3
,
D0 ≃ H3R( R
R0
)4, w =
1
3
.
The density contrast is then:
δρ
ρ
≡ D,
D = 4Q
2
κρ
√
ΣH0R(t), R ≃ 10−16cm, w = 1
3
,
D = 3
2
√
ΣH0R(t),
R
R0
> 10−4, w = 0,
H˙ = 0, H = H0.
Thus, quantum fluctuations of spin trigger the mass density inhomo-
geneities at the scale of weak interactions, and later on the density contrast
evolves linearly in the cosmological scale R (even in the radiation-dominated
epoch, contrary to the usual solution of the homogeneous evolution equa-
tions where it evolves quadratically),[4] receiving the following value at the
decoupling of CMBR(
√
Σ = O(10−1), R0 ≃ H−10 ) [1]:
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δT
T
(large angle;CDM dominance) = O(10−1)D( R
R0
≃ 10−3)
⇒ δT
T
∼ 10−5.
This result is consistent with the measurements of the COBE-DMR [2].
To conclude, one can say that within the EC gravity it is possible to
solve fundamental cosmological problems: (1) the present mass density of
the Universe: Ωm,0 ≃ 2 [10] (2) the cosmological constant problem: ΩΛ ≃ −1
[10] (3) the absence of cosmological singularity: Rmin ≃ 10−16cm [10, 12]
(4) the source of density inhomogeneities: quantum fluctuations of spin (this
paper), (5) strength of the primordial density contrast (this paper).
The assumption that the physical space is not contractible (finite scale
is fixed by spin-torsion effects or weak interacions) makes a connection be-
tween the EC gravity and the SU(3) conformal unification scheme for gauge
interactions in particle physics [12] with the observed phenomenological con-
sequences: (1) the scale of neutrino masses measured by the LSND and the
SuperKamiokande [12] (2) anomalous enhancement of the strong coupling
(Tevatron and HERA) [13] (3) anomalous b-quark electroweak couplings
(LEP and SLD) [13].
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